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图 1: A photograph of Vincent van
Gogh’s The Starry Night (1889), which
currently hangs in the Museum of
Modern Art in New York.
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拉格朗日拟序结构 LCS
Lagrangian Coherent Structure(Haller等, 2000)：the most repelling (排斥),
attracting (吸引), ... material surfaces (物质界面) ...

图 2: Kármán vortex street behind a circular cylinder at Re = 140. Integrated streaklines are
shown by electrolytic precipitation of a white colloidal smoke, illuminated by a sheet of light.
Book link.

https://courses.washington.edu/me431/handouts/Album-Fluid-Motion-Van-Dyke.pdf
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LCS与 FTLE

拉格朗日拟序结构 LCS
Lagrangian Coherent Structure(Haller等, 2000)：the most repelling (排斥),
attracting (吸引), ... material surfaces (物质界面) ...

有限时间李亚普诺夫指数 FTLE
Finite-Time Lyapunov Exponents (FTLE) can be used to find separatrices in
time-dependent systems.

图 3: FTLE场

https://shaddenlab.berkeley.edu/uploads/LCS-tutorial/overview.html
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拉格朗日视角的动力系统描述
微分形式：

d
dt

x = u (x, t). (1)

Passive particle

Unsteady fluid flow
(vector field)

积分形式：

x(t) = x0 +
∫ t

t0

u(x(τ), τ)dτ︸ ︷︷ ︸
F t
t0
(x0) flow map

.

(2)

图 4: (a) filled-circle points and empty-circle points are
initial conditions of all trajectories at initial time t0; (b)
filled-circle points are final positions of trajectories at
time t for the flow map derivative at position xi,j,k(t0).
(Li等, 2022)
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稳定性与不稳定性

{
ẋ = x,

ẏ = −y+ x2.
(3)

• unstable manifold (不稳定流
形) =⇒ attract (吸引)

• stable manifold (稳定流形)
=⇒ stretch (延伸) /repell (排
斥)

图 5:式 (3)的相图
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吸引结构与排斥结构
• 不稳定流形 (unstable manifold) =⇒ 吸引结构 (attracting structures)

• 稳定流形 (stable manifold) =⇒ 排斥结构 (repelling structures)

图 6: The role of attracting (aLCS) and repelling (rLCS) LCSs in fluid deformation. (Li等, 2022)



吸引结构与排斥结构
• 不稳定流形 (unstable manifold) =⇒ 吸引结构 (attracting structures)
• 稳定流形 (stable manifold) =⇒ 排斥结构 (repelling structures)

图 7: A fluid parcel approaching the saddle point astride one material line (the repelling stable
manifold) eventually becomes drawn out and away from the saddle point along the orthogonal
material line (the attracting unstable manifold). (Peacock等, 2013)



目录

绪论

LCS与 FTLE的动力系统理论

计算二维 FTLE场

总结



计算流程
• 差值重建 flow map F t

t0

• 计算 flow map Jacobian

∇F t
t0 ≈

[
∆x(t)
∆x(t0)

∆x(t)
∆y(t0)

∆y(t)
∆x(t0)

∆y(t)
∆y(t0)

]
.

• 计算 FTLE

σ(F t
t0 ; x0) =

1

|t− t0|
log

(√
λmax

[
(∇F t

t0)
T∇F t

t0

])
.



差值重建 flow map

欧拉视角到拉格朗日视角的转化

d
dt

x = u(x, t) =⇒ xi,j(t+ δt) ≈ xi,j(t) + vi,j(t) · δt.

Passive particle flow velocity field
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计算 flow map Jacobian

∇F t
t0 ≈

[
∆x(t)
∆x(t0)

∆x(t)
∆y(t0)

∆y(t)
∆x(t0)

∆y(t)
∆y(t0)

]
=

[ xi+1,j(t)−xi−1,j(t)
xi+1,j(t0)−xi−1,j(t0)

xi+1,j(t)−xi−1,j(t)
xi,j+1(t0)−xi,j−1(t0)

xi,j+1(t)−xi,j−1(t)
xi+1,j(t0)−xi−1,j(t0)

xi,j+1(t)−xi,j−1(t)
xi,j+1(t0)−xi,j−1(t0)

]
. (4)



计算 FTLE
FTLE:衡量有限时间内的最大拉伸

σ(F t
t0 ; x0) =

1

|t− t0|
log

(√
λmax

[
(∇F t

t0)
T∇F t

t0

])
. (5)

max eigenvalue of
right Cauchy-Green strain tensor



前向积分与后向积分
flow map F t

t0：

x(t) = x0 +
∫ t

t0

u(x(τ), τ)dτ︸ ︷︷ ︸
F t
t0
(x0) flow map

.

• 前向 (forward)积分 =⇒ 排斥结构 (repelling structures): t > t0

• 后向 (backward)积分 =⇒ 吸引结构 (attracting structures): t < t0
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积分时间长度

图 8: Pearson correlation coefficient between the attraction rate field and the benchmark
backward-time FTLE field as a function of integration time, |T|, in hours. (Nolan等, 2020)



例子

图 9:式3相图 图 10:前向积分 |t− t0| = 6,排斥结构



例子

图 11:式3相图 图 12:后向积分 |t− t0| = 6,吸引结构
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总结
• LCS定义(Haller等, 2000)：the most repelling, attracting material surfaces.
• Finite-Time Lyapunov Exponents (FTLE) can be used to find separatrices in
time-dependent systems.

https://shaddenlab.berkeley.edu/uploads/LCS-tutorial/overview.html


参考文献 I

HALLER G, YUAN G, 2000. Lagrangian coherent structures and mixing in
two-dimensional turbulence[J]. Physica D: Nonlinear Phenomena, 147(3): 352-370.

LI K, SAVARI C, BARIGOU M, 2022. Computation of Lagrangian coherent
structures from experimental fluid trajectory measurements in a mechanically
agitated vessel[J]. Chemical Engineering Science, 254: 117598.

NOLAN P J, SERRA M, ROSS S D, 2020. Finite-time Lyapunov exponents in the
instantaneous limit and material transport[J]. Nonlinear Dynamics, 100(4):
3825-3852.

PEACOCK T, HALLER G, 2013. Lagrangian coherent structures: The hidden
skeleton of fluid flows[J]. Physics Today, 66(2): 41-47.


	绪论
	LCS与FTLE的动力系统理论
	计算二维FTLE场
	总结
	参考文献

